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Second harmonic generation is sensitive to microstructural 
features of the material. 
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In this example, Cantrell and Yost, 2001 [Int J Fat 23:S487-S490] 
showed a monotonic increase in b with cycling that correlates 
well with increase in dislocation dipoles 

2024-T4 aluminum 
Cantrell & Yost 

Cantrell & Yost 

No cracks longer 
than 35-40 mm 

3.9 times larger 
than initial value 

Variability in b values suggests localization 

(0-276 MPa) 

Other examples include precipitates and radiation embrittment 



Imperfections in crystal lattice result in distortion of the 
waveform - anharmonicity. 

4 

Anharmonicity leads to higher harmonic generation. 

Schematics of perfect lattice and imperfect lattice. 



A pure sinusoidal waveform is distorted by a nonlinear 
material ς which is seen as higher harmonics. 
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Pure sinusoidal waveform 

FFT 

Distorted waveform 

y = sin wt + 1/7 sin 2wt 

Nonlinear ultrasonics is when the signal of interest is not at 
the excitation frequency. Here, second harmonic generation is 
schematically depicted. 



Cumulative second harmonics increase linearly with 
propagation distance. 

The cumulative nature makes it possible to experimentally identify 
material nonlinearity from other sources of nonlinearities.  
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Weakly nonlinear material response deviates only slightly 
from linear elastic, but enables higher harmonic generation. 
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,  

Strain  energy function truncated after cubic term instead of 
after quadratic term: hyperelastic material model 

l= 116.2 GPa, m = 82.7 GPa, A = -325 GPa, B = -310 GPa, and C = -800 GPa 
r = 7932 kg/m3 

STEEL 



Ultrasonic guided waves are multimodal, but there is no 
guarantee that energy will transfer to a secondary mode. 
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Two conditions must be met for internal resonance: 
ÅSynchronism (phase velocity matching) 
ÅNonzero power flux, 

which results in cumulative harmonic generation. 

f0 2f0 f0 2f0 



Internal resonance points enable primary mode selection 
for Longitudinal and Torsional waves in steel pipes. 
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Axisymmetric L and T modes in pipe approach Lamb and SH waves 
in plate in the asymptotic limit. 
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Recent related articles: 
Chillara and Lissenden, 2012, JAP 111:124909 
Chillara and Lissenden, 2013, Ultrasonics 53:862 
Liu, Lissenden, Rose, 2013, SPIE 8695:869528 
Liu, Chillara, Lissenden, 2013, JSV, in-press 
Liu, Khajeh, Lissenden, Rose, 2013, JASA 133(5):2541-2553 
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Internal resonance points enable primary mode selection 
for Longitudinal and Torsional waves in steel pipes. 

Internal 

Resonance 

Point 

Mode Pair 

Frequency-

Thickness  

(MHz-mm) 

Phase 

Velocity 

(mm/ms) 

Normalized 

Power Flux 

Intensity 

1 L(0,4)/L(0,5) 3.85 5.96 2.81×104 

2 L(0,5)/L(0,9) 7.70 5.96 1.36×105 

3 L(0,2)/L(0,3) 2.28 4.57 1.35×10-3 

4 L(0,3)/L(0,6) 4.56 4.57 2.18×10-2 

5 L(0,4)/L(0,8) 6.84 4.57 3.63×102 

6 L(0,1)/L(0,1) 0.15 1.73 2.68×10-6 

7 T(0,1)/L(0,2) 1.72 3.23 1.29×102 

8 T(0,2)/L(0,4) 1.92 5.96 4.10×103 

9 T(0,3)/L(0,5) 3.85 5.96 1.27×104 

10 T(0,4)/L(0,7) 5.78 5.96 5.47×104 

11 T(0,2)/L(0,3) 2.28 4.57 1.23×101 

12 T(0,3)/L(0,6) 4.56 4.57 2.36×102 

13 T(0,1)/L(0,1) 0.06 3.23 1.62×10-6 

Second harmonics must 
be L(0,m) waves 
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Transducer selection is absolutely critical ς excitability 
and receivability of wave mode; and nonlinearity. 

f0 2f0 

Angle Beam 

Comb or 
IDT 



Magnetostrictive transducers provide a means to sense both 
longitudinal and torsional wave modes. 
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T(0,2)/L(0,4) mode pair is cumulative: transient dynamics 
finite element simulation. 

d = 1.5 mm 
f0 = 1.28 MHz 
I.R. Point 8 

Torsional mode Longitudinal mode 

IDT 

receiver 

No instrumentation nonlinearities in FE simulations. 
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Finite element results demonstrate that the mode pair 
T(0,2)/L(0,4) is internally resonant. 

PIPE: T(0,2)/L(0,4) cumulative 
z-component of displacement 

Propagation distance in simulation is limited by large number of 
DOFs in model. 

Experimental result on aluminum 
plate (Liu et al. JSV 2013) 


